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% :

"

:=

"

EX # ;

"

=
"

JEFF .

E.
'

¥ C- it , -1 , -1)

Manifolds and tangent vectors R

2 /µÉ¥
" '→ME or#map

*i.* or -13--1*445
7m Em

t-K-TATAKK.tl#-Es-1f-.m-RFiTi-EkMt-P
¥.fi/---BsvR--THiitkDrk8-tv:Fm-R.I-*E.. ᵗpfn

a-t.TV f. 9 C- Fm , a. BER , f- (Ceto))

(1) Hrithik) v (at + B9) = ✗v47 + Pvlfl , EitaKAAT . at tf c- 7m44 'M

⇔ (7*-4%17-54) v49 ) = 9 /pvltltflpvlg ) , Titi :=°¥ˢ / +. ( ¥ÉeTik☒¥É :]. )
(E: 7=1--1 ✗ EM , fgcx) = fix] 91×3 )

FEET 'ÉX , Xn=¥ HII#HI xn Fits ¥8s
M

On 711% ¥ = ᵈd¥I×µ
{ xu}-E- ×, Xmltl :=¥⇒ /

p
c- R

Dual Vector

1- v
R ✓* → dual space

•
W

Claim : ① Abhi vector space ?⃝ W : ✓ → R linear
map② dim Up = dimm -=n

.

W'
vvw

☒
WE-4 dual vector

Pt : ① Ctu) (f ) : = v47 + ulf]

@ v7 (f) : = a.vlf ]
claim : ① V* is a vector space

0 (f) : = 0 C- R
② dim V* = dimv

② (a) linear independent ✗µ (f) = ¥nf◦Y' / yep,
M R*¥÷Xµ C- Vp Pf . ① (wit Wz) /U) = Wi (V) + Wz (V)

O
R
"

an Xnlf)=o for any f ,
7. *II fix

Kw ) (V) = ✗ - wlv)
P. , HMP) ⇒ angry --0 ⇒ ✗

✓
= 0 fqkk.itink

4 447 (b) span Vp
0 (U ) = 0 C- R

Vf L f- ◦ytfxnj ☒3- habits 'tFk¥=R ① V Gt - {KHE 't e, . . . en
• ☒ for any CT map f- , exists func . Hµ(×

'
. . - xD

a.TT constant map h :ptoa-tf-zv-x-y-EH-a.TN#t--Egel*...en*vlhY--2cvchI--2VCch) ☒ h4p=ch¥ (9) = tip + (2149-1-21^4))Hµ(4cg))
i. vlh)=o
- -

j¥g;j§
- - -- -

-¥ A- Hit " = ¥¥n / yep, = Xulf) . ( en ) := Suv
⇒ ✓(f) Iq -- ◦ + vcxiylqtlnttcg-D-lxncq-i-xmcpvlt.MY) /

"

(a) {☒ pigfish't ( KEETER-5*+451-0,1744 .
{xn} 'EtÉ# { xing

"

,

"

ÉÉÉ
-

ji
- "

i # 9- =p -4 4417174-7--51%1351-01
"
i v41 /p= vcxnlpxnlfjforv-rc-vp.it ✗

µ ( ev ) = du = 0

¥i%¥ v41 = vet] , AP vnxnct) iii.Xiii
"

"
=
.
. . . .
. .
. _

:

"⇒ span Vp ⇒ 4*1118'RE

(b) V-WEV-x.WPIK.FI 44J Hk £44⇒ un :¥Hp=w¥ÉHpñ%u|p=%É/p%÷|p
I wµ=_w(eµ) , 17J w=Wµe*M

i. V' ✓ = 1pm ( Wv = Wµe*M(er) = Wushu ,
ÉÉ)



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

*

claim :

dt-3.t-xndxn-dfh.CI#IdxnPf-.df/plv)--vlf1/p--vnEltI/p--dxMvI/p ¥nHYp
(for trey. )

↓ ↓
VM= dxncvv¥,/ = V87WlvJ=v**"

¥-4T.ÉtiE :

M

{x'm}
,

O'

◦

✓ = V^¥n=VV¥,:±¥ .
_⇔ W=wµdx^ = W'vdx"

V- VEV

Claim : e'µ = Avner ⇒ e'* =(Ñ%nev* Wndx" ( v) = wiidx" (v)

Pt . (Ñ-Yvnev*(AB✗ep )
⇒ wndx" (M&a ) = W'vdx 'v(vP¥p )

= (Ñ-1) ✓MAP, eV*(ep ) ⇒ warn = Wi v"

= (A-1)Mr Ava = Sna ☒ V' ✓ = ?gn|pvn
(KEETER-9*+4--4--141 "¥As

e'*rte'd ) = Va xph.fm#-gq-y--Ez*p*p=i:qg:wnVM--w'u %×÷/pm
i. 7<=42 ☐

i. wn=wi%
Dual Vector Field on a Manifold

Tensor Fields on a Manifold
M

☒ dflp EF. Ptb' dual vector
Det . A multiplelinear map?⃝ dflp (v) := ✓ (f) , V-vevp.tt Fn

T: ✓* ✗ V* . .
- ✗ ✓* ✗ Vx - . - ✗V →\ Vp ✓¥ 7113k df the -9- dual vector field T T

is called a tensor of type Ck> e) over V

M W : ✓→ R Lo , 1)

0 {✗my
*L¥- ↑ chart . *PKA.EE#Lot--pv---V**-.V*-R 4,0)
- ↑ dual vector field dxm

Tv (Kil)

dxn(¥) = ST V V* v**

↓ ↓ 0 ?⃝ .dual coordinate vector basis coordinate vector basis

✓ = Tv (1) 0)
,
✓
*
= Jv (Osl )



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

HI-4 typeGibbs tensor 1- c- Juli , , , c:( ✓ ☒ w/ = wcv)

1- = -11 . ; . ) Tlw ; . ) t ✓* Pf : C:(v☒w ) = ✓☒w(e*M ; em )

= V(e*n)w(en) = Unwin
i. T : ✓* 1¥> ✓*

*} -1 : V linear v ☒ wlv) = WµWe*M(er) = Warn ☐

Metric Tensor Field
Claim : ① Tv (Kil) is a vector space

(V19) 9 is a tensor of type 10.21
② dim Jv ( ke) = nktl

?⃝ (a) symmetric 9W,u)=9cu,v)

Pf : ① (LT, + Btr) ( w '
. . _ wkiv, _ . - ve ) ☆er (b) nondegenerate

= ✗Ti ( w'
. . . wk ; vi. - - ve ) + BTz( w '

. . . wk; vi. . .ve )
V-uc-V.g.lv,u)=0 ⇒ V=0EV
in

0 (w'
. . . wk ; vi. . - ve ) = 0 C- 112

EX : / v1 := 191nF② eµ☒ . . . ④ er ☒ e✗*⊕ . . . ☒ et Enke 'T -1¥
a- e-

vtu.it/-9lv.u)--o
(a) {vii.KEK.PE#Eothonormal basis
(b)
1- = TM

" ' "

a. . . p eµ⊕ . . - ☒ev⊕e✗*☒ . . . ☒et

✗" - p ≤ 1- ( en-1 . . . .eu#;ea.....ep ,
9mn = 9cen.eu,=/

◦ ' the

where TM
" " -1-1 ,µ=v

V
☐

O-HEAT. 'E-t¥_ :

T = TM
"

"p . . .ir eµ⊕ . . - ☒er eP*☒ - - - ☒eʳ*
9 (v. • ) C- ✓

*
= T' ✗ " ' Pg

. . .g
e'✗ ☒ . . . ☒ ép ☒ e' t* ☒ . . . ☒és*

g. v%v*

Men -_ V'✗ e'✗ = VMA've's ⇒ eµ=A%eé Claim : 9 is an isomorphism

Pt : 9kV,-1pA . )
i e'✗ =#Nen

= 9µeM*④eV* ( iv.+ Pk >
• )

Atik e't* = Are eP*
= 9µV eM*(arise, + Prier ) e'

*
( • I

i. TM "

've . . . , en☒ . . - ☒eu☒eP*☒ . . . ☒ e.
•* = ✗ 9.lu , . ) + pgcvz , . )

= -1
"- " Pr. . .sc/t-Ynx---(A-yupArp...Asoeu0x.........oxe0* ☒89 Eundegenerate 121921inear ,ftp.kv-tu

⇒ gcv , . ] =/ gcu , . ] , 9¥ one -to- one
i. TM

"

"p . . .r=T
'" '

or. . .gl/t-YT-..CA-YVpArp---Asrx9Elinearmapi-gEonto
i. 91 isomorphism ☐



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

5 . Tab : V→ V
,
Tab Vb C- V

curve Ai*T£¥ᵗE¥ᵗoxñ -14<344*-5.47:*
Tab : V*→V*

,
Tab Wa C- ✓*

Pf : e. =/9¥ dt

Msg Sab = 87 (en)a(eYb

?⃝ ¥=T^¥n⇒T^=ᵈ¥ ,
9--

9indxnoxdxvsabvb-8Mvlen1aCeYbvP@pjbi.l
= / 9µr→TTdt ( ÷±: (eYb(ep)b = e.

* "

(ee ) = Svp
V

¥FE¥g¥*Txpf Ctu = City ⇒ +
'
= tilt) = Snr Cerda severe = Viren )a= Va

¥ ᵈ¥=}%,, Sab wa = Hulen)a(e% we (d)a

= Smu 8pm (e)bwp
b- ftp.Fd-i T

'
-

- ¥, = ?¥¥ = wvk%=wb

6
. Gab : ✓→ V* É vb gabvb⇒ SET]d-i-FT.TT?YII-,--9CT.-Tdtifr9E-dt--fn9T-F1dt'

☐
Va _=9abVb

914 # isomorphism ,
B- The inverse 9-1 : ✓* → V

✗ Tn=dd¥ : .li/9uvTTTrdt--/Fdxdxv
9-1 is a tensor of type 12107

% di -=9µvdx^dxv 1=1%1 = { ( s_ e.)
gab : ✓*→ V V ✓

*

/FDI (t.li/wa--gabwb
to# - ¥1. Curve -KibItil. - kiosks.l . m) lEEX

vc = gcbcgbava)

iÉÉ. : 77th d5= 9µV dxndxv 5- 9=9µvd×n☒d×r ⇒ sea = gcbgba

Kittu di EI9Ai¥- ¥48 :=h
¥ : _t☒Fg<J¥ -4:-p : abc . -

-

The abstract index notation DIFATTA-47. : MVP . _ . = 01112,3

1- THAT.-44kg i. j , K . l = 1. 2. s ← 7kt# ¥pt¥¥.

2. Tru = 1- ( ; en ) ≤Taa 7. 9ab(¥n)b = 9µV#a
3. TOXS ≤ Tabesde

Pt : Gab = 9po(dxTa(dxTb
4. V = ✓Men → va=vM(eula

¥=9pr(dx%(dx%(¥1b
w=wvev* → wb=wv(d)b ☒b-=L star

VM=v(e*Y → Vn= valenta =9pr(dxe)a 8%
Wu = wcev) → Wv=Wb(er)b = 9pm (dxe)a=Tk ☐

*A.Tittle gabcdxm)b = 9^43*1"
↓

9M¥)al¥)b



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Derivative Operator
Tcabc] = ( Tabet Taeb + Tbac + Tcab + Tbca + Tcba)

@ f)a = Dat
Ttabc] = (Tabc - Tacb + Tcab - Tbac + Tbca - Tcba)

Pf : a-t-T.lt Va c- V

Tcai . . .ae) := É ¥ Taxa, . . - axles ⑥f)a Va = ✓ (f) = Va Daf ☐

Team.ae] := Estela"" - - - axles 2=1--143-4 derivative operator Ña over M

Claim : ① Tai . - - ae = Tca, _ . .ae) , AJ Ta, . . - an -_ Taxi, . .name, Ñaf = @f)a = Daf

② Tar. .ae -_ TEA, . . .ae] , At Tai . . .ae -_ Satara, . . . axe, 7=17*-1 dual vector field Wb , Wb

Pt : ① -

: Tai. .ae = Tea , . . .ae, Wb / p = W'b / p ,
(Da Wb)/p =/ (Pawls ) / p

i _ Tata] . - - axle] = T latch - - - Atle))

claim [(Fa- Da / Wb ]p = [Fa - Da/ Wb' ]p17 Tca , . . .ae, = Tcatch - - - attest

i - Tai - . .ae = Taxa, . . - axle, Pt : £ Rb= Wb- W'b

② -

: Tai. .ae = Tea , _ . .ae] [Darb]p = [Da(Rn(d×Hb)]p
i - Tatu] . - - axle] = T [a-141) - - - Atle))

= [RµDa(dx%]p + [ (din)b Darn]p?⃝ T [atra ) . . _ axle]] = SIT TEai-i.ae] ↓
0

i Tata] . . - atcl) = 8ThTai . _ . al ☐

BIBL ,
Claim : ① Tea, . . .ae] sa

' ' ' - al
= Tea, . . .ae, Sta

' ' ' .ae]

[Barb]p = [ (d×HbÑaRn]p
= Tai . . .ae Sta"

-- al] IF L ) - -43g In E- 9- scalar field , Darn = Earn
② 1-[ai - - Ear. . .at] . . .ae] = TEA, _

_ .ae] ☐

at C) - -44 (t-B-t-bkf.ME#-Asn-tEnT*. ,
③ TEA, - i. car -. _ at) - - - al] = 0

Daldxnlb = Da(s%(d×%) = Dp(s%(dx%)(dxHa
④ 7-1*488314*44.30

= (8% , p
- Tire 87 )(dxP)a(d×4b

⑤ Tai . . .ae = -1cal . . .ae, ⇒ Flan . .ae]=0
= - TT , ldxe)a(d×YbTai - . - al = Tea, . . .ae] ⇒ Tear .

.ae/--0:.Da.FaEa-tET-FlFiFo$-t-Kltf-Bx)Pt : ① T[a, . . .ae] Sa
""'"""% 1-Eaten. . -aye,] Sa

"""

P ¥. .I - dual vector wb .

#FH-tTFEÑ -4 dual
= 8Th TEA , . . .ae, sa

' "
- al

vector field ( EB-T-KPE.IE#WbAs' 89 # dual vector field)
i. Tea, . . .ae] S

'" """
= ei-ES-iT-ai.ae] Sta

"" """
EVE#KITTIE ,

5- Ba - Da ftp.FB-of-e -

linear
② ~ ⑤ Agh!} ☐ i. ta - Da : Vp* → %p(0,2 ) 7TÉCcab= Sea Wb

i. Ña - Da C- Trp 11,2 ) [(Fa- Da) Vb]p= Fab
↳
IF# dual vector



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

commutator¥L¥Fk¥T4F , Cab 7*-8*-1+7.7=1*7.
[ uiv ] (f) :=u(Vlf)) - v (Ucf) )Pf : Davis = Ñavb - Cfrb Vc
[ usv ] (f) = ub Dbllataf ) - vatalubpbf )

DaPbf = Ñatbf - Cais Dcf ↓
I I
=Ñt = If ¥13k scalar field . -5Pa 'É¥xEK

Db Daf = Ñb Daf - Ciba Pcf = Ubvatbpaf -1 Ub⑤bVa) Daf
EJ%HᵗqikF Paint = Db Pat - vaubpatbf - Vatanb) Pbf
w/ Cab Dcf = Cba Dcf for tf c- Fm EJH¥ihF

:-( cab = Coba ☐
= (ubtbva - Vbtbua) Pat

vbvb -4k¥ -4 - 4- scalar field [ (Ña- ☐a) lvbvb) ] /5- ° parallel transport of a vector along a curve

Vb(Ña- Da)VbtVb(Ña - Da)vb=0
(Mitla) 1T¥# : TbDbVa=O

⇒ vbccabvctvcscb (Fa-Da)vb=0
* = Tb ( 2b Va -1T:b Vc)

⇒ Daub = Barb + Cbacvc

=(Tv%÷ -1T'T.TV/ldxn1a(Mta)

¥ patch 01 .
Zak- 4- derivative operator ± : ubvb -- Wvu) ↓

DVMCXVCTI)
2aVb=(dXⁿ)a(2mW )(d×Yb It

i. ᵈ¥- + T°TIvvʳ=0(Da - da)Vb = -Tia Vc

i. Darb = 2aVb - Tsavo Derivative operator associated with a metric

I ↑
'

*E- 43k7g /E-k.H.TK#in-k.s) 0=-1 ' Pclgabvaub)
(Mitla)

{xn } {×'m} =

vaubl-ck9abl-9abva-cqut.tw} : T:b Furry T% + gabubtctcva

{×'m} : F :b Tomi %) #
"¥ To

= Vaub -101%9ab
E.☒TITHE

XT.IT#E3kEssGBaA5-bnFbtF-.-.Dc9ab-- 0
¥-5k-4%54



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Da(dxMb =faCdxb - Ta(dXMc
DalEx) =zal)" +Tax)"

↓ ↓
(dxYa(dXP)b zu SpM W

=O

0 =DcSab =c9ab-Cac9db - C9ad Maps of Manifolds
M,NAKE. 24 Manifolds

= DeGab-Cbac-Cabo A N
D--E1)T

A Cab =Cba.
p > 4) (I **, PAEE linear map.I

toto ASILE, GYMRxSTY
m

Ccab =I (Fa9cb+ *bIca-5c9ab) ④* of RREY) one-to-one
* IR ↓ is a CD map

a9bc =0, m) Ccab = 0, Dapfi- 6:M-N, (P1p(p)

AASo Da, 9ab Roki- 1.*:FN10,0) -> InCo,0) (a Pull back)

Geodesics H + tEr, def *ftFn by

TP DT =0 (affinely parameterized geodesic) d*fp:=f/pp), YP = M

Tn(2uT+ TETY =0 FX TM= i.e. p*f = fop (BZp*is linear)

2.0X:Up -> Uppps (a Push forward)
=>+TENTOTr =0

I ve Up, def 4xU-Vpcps by
=>()" (+Tin***) =

0 (0x v)(f):=v (0*f) (BRs 4A ttlinear)
N M

i.e.PAV =vod*
Claim:TaDaTb =0 => T'aDaT'b =x(t')T'b

OXV is a vector

Pf:Ta=(E)=(E) a Pf:0 (Pxv) (af+3g) =v(0*(af+Bg))
= av(py)) +3v(p*9)

Ta DaT
=T'aba( Tb) =a(0xv)(f) +(dxv)(9)

=TaT6 Dal) +Ia()aT=0)

② (4xv) (fg) =v(d*(f9))
=v(d*f.p*9)

=T() =p*f/pv(p*9)+b*9/pv(d*f)
=Tb() =fldps(Pxv) (9) +9/pps (4xv) If)

I
=(*) T' I

3.4*:YN(0.1) -> (0.1) (Pull back)
M

(a =a) =- ()/( XT = Frco.e), def &T -n10,1) by
(**Ta.....elp(V.I....(Velae:=Ta. ... elpips(PAV,)a1...(**Ve)a

=*)+ 7
-Up

↳PA:Jvp(k,0) -> Trpps (k, 0) (Push forward)

HT - Jup(k,0), def GATEJupps (k, 0) by
x =0 m) t1 =a+ +b (affine parameter) (0xT)91..aK (wYa.... (Wap:= Tal...ap*wia....(P*wak

->
-> Vps



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Claim : 1- c- Trp lk.es . 4*-1 c- Trap,lk.lt?0-x:JmC1.o) → % tho)
T
"-"

p.io/p--&-xTMVe...o/pcp)HVaEJn(1,07 , def &*Va C- JNCI.co) by
Pt : ① &*Va /∅ (f) = V4pC∅*f ) , (9%117--01*9717)

Ua := Va / p # ula In** "" /
HI ↳

c- ✓¥,p, ⇒ (dy%∅*v4%p,=(dxHaV4p,l0*yn=XY
+17471 bijective Gaol , ¥ :-X Nt 17T¥. - 9- ,

↓ ↓

④*v1" via
Jfk ④* via -1433-415-(10471--44,2)=9 ) . A-④* v1"

7-E-Effi N
② #Walp Va = wa /pep, &*va /pep,

4kt-¥4k diffeomorphism . H
"

? "FFy ④whelp Vr = Wmtoep, *✓14447
A- x-tskkbTFDAKBKJlo.by -510 , e) Herbs

i. Wnkpcp, # {ya}±ÑbBe -5-110%4 / p# {✗'^ }
¢1 diffeomorphism RT , thisBIB'¥g

→
{✗'%
,

1- &" : % ( k, e) → J-mlk.es (Pull back) ③ 01*-1"
"

've.ir/pl0*wYn--.C&*wHv/pM1e...deI4pHTa'''-akbi...beC-FNCk
, e)

, def (01*-1)"
' "ak

bi . - -blEfm(kill = -1
'_ " Pr.is/cfcp(wYa---(wk)p/ocp,@l*Vdt...ct-xve14pcp,

by ↓

{ yn}
④7)"" ""

bi. ..by/p(wYai-(wk)akVibl...vebl ⇒ 10*-1 'M -"

% . . .ir/p--T"
" "

p.io/0Lp)↳
EM

↳
C- V*p ↳

c- Vp ↓ ↓

:= Tai
- " at over {X'^ } over { you}

bi - " bk / pep] (∅*wDa, - . .@*what¥, )b' . . . @* ✓e)be

≤ µ
④ 01*7 " 'T. . .ir/&cp,CwYn---lwHv/pcp(ViIP.--lVeY/1oip,c- V*∅cp,

↓
C- V44)

2- &* : Fm /kill → Fulke) ( Push forward) = -1
"- " Pr

. .is/plt*wDa - - -
- - - - - ④

* vets / p

M N .PE#.-:&*Th--'vp...ot.ocp,--T'" " % . .ir/p01
02

P . §
• dep ∅ is a diffeomorphism

↓ ↓

/ over { yn} over {x.my ☐

10-1-10≥] Another Pf : M
N

% it ¥%
0, :{xn} . Oz :{ YM } ① 4k£ map

cct) 01kt))
7=1801-1-102] , EAT. X'MCP) := 9^(0/47) PEO.no/Eoiy0-xTa(f1--Ta(o*f)--Z(fcocc-y))K-vikfe-tii-il-5-E-AHE-t-t.EE {xn} ↳ {xu}

F- 9- OICCHD A tangent vector

② 01*16%14 , ) = tyna / pep, x¥Ñd×Ya=Ñ

⇒ 01*14×1%11.1=19%1447



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

③ ∅*( T'M-"

p.io#n)a..-(Z-xv)b(dxe)c.--(dxJd/p)--T2--Pr...sl-ya)a...(-yp)bCdY4c---ldy# / pep,

Fid② $45K

01*-1't -" up . . . • = -1M
" -

up..ir
↓ ↓

over {×'M} over {ynb ☐

Pull back and Push forward

∅ is a diffeomorphism . (M,9ab)

&[Oz ] = 01 P, 9- C- 01h02 {94oz > O '

p.gg
- {xn}

0141=9 ⇒ yM(p)=xMCq)

(Pink xM= # yr )

① (01*1-147)=1-144>)) or help)=(∅*h)(cflp))

④ va(f) = 4*444*1-1
A. f- = YM , ∅*f=XM

va(dY%=(&*v)a(dx9a or vn= @*An

③ Ta . .
-baa . . - He)b = ④*7)a . :b *Vila . . . * Ve)b

④* Fyn)a(dx4a=⇐yÑldyYa ⇒* Fyn)a=(µ)a

Taib (Igala . . . ¥1b = *Tla. .

.is#n)a--'%DborT'n...v--l&*T)n...vldyHalFyda--@-xdyiYa
#Da ⇒ ④*dyHa=d×%

④ Ta
" -

band ldytya . . .(dyYb(Eye)
'

- " ⇐yr)ᵈ
= @*7) a-

"bc
. . .d(d✗% . . .(dxYb⇐×Ñ - - - ⇐×Dᵈ



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Lie derivative of T with respect to va c- Fnc, ,◦,
÷ (4-1*-1)"" 'v. " / p=T% . . .

/ * (p)
↓ ↓

Va c- 7m11 -07 Its integral curve :
{X'T {✗'n }

tikva # tangent vector Fo
'

#Hi Cty i. (LVT)" . . .

= 11¥, _É( T
"

. . /chip -Ti. . . / p )
one-parameter group of diffeomorphisms

10+11%1 = Clt) =p = Tai
. . .) / p ☐

:p↑ ↑ ↑0/+9/0-1, (B) = 0/+1171=4-11+-14--12 Claim : Luna = [Vill] " =vbtbua-ubpbvam.lu/-4E-ffEnaC
8 E R Pt : # adapted coordinate system of #{giepp.tk#miED(Db%FEn.-Ftss8kVtiED42b)

IET"
" ""

bi . . .be C- Fm (Kil) , 4%44 Lie derivative [ v. u ]" = (dx4a( vbdbua_ ubdbva)
↓

=(dxn)a Vbdbua ¥, /
a

5- 2bTF☒Fb# 0
LuTai

" -ak

bi . . .be :=¥→fÉ[ 10*+4-101+4, ) /p -T / p ] = @Ha ¥.ua = ⇒ un

adapted coordinate system HE E'¥-47B. : ☒ ☒±- 4- claim ¥. Lvu^=¥un ☐

-14 vector field At Clt) 4k¥ -4K¥:] . (KKK) ✗1=-1
. Claim : Lv Wa = Vb Dbwatwb Daub

↓t.IE ✗2 . . . ×
" -5 ✗

' ¥t¥¥É
Pf : ¥ adapted coordinate system & , vbdbwa-vbtfabwc-wb2avb-wbfb.at/c

Claim : over an adapted coordinate system Vb2bWµ+wb2nVb→
(¥1b ←

(Lv-11mi . " = %%"
= # win

Yrvwn = win i.¥ -- The ☐

Pt : Kiki:.=¥y◦¥[4*+11-1*+4,1" " Ip- TY:-/p ] Claim : LuTa"
-

bi . . .=VbDbT
" "

'b , . . . - (Tb" '

;, . . . Dbva't - - -)

{XM} ¥4 { X'M } X'Mlp) = XM ( Iacp) )
+ ⇐" " 'bbr . _ . Dbivb -1 - ' ')

14*+1-7"v. . . /p=T^"v. . /¢+4,,=(2¥:-. . 2¥! . . . -1%. . .
) /
¢, ,p ,

Pf : vb2bT" i. + vbt-TL-PFii.t-J-vbl-ib-mjis.ir )
I

↓ ↓ ↓ - (Tbm
. ..(2bVM+T↑bvP) -11×4 197 = { xn} {✗'my ↳ 0

+ (T"
"

bvz . . . (2h Vb + Tbpv, VP)% . . . . )
↳ 0

•p•∅+cp,
✗'" (P) = ✗Mdt ( p))

= Vb2bT
"

.. .

= T"
-

in . .
. ☐☒ f. CHIK-# 'Etta.# ×

'

i. X' Ip) = X'(10+47)--21141+-1
X'Nlp) = XV0tLpD=XM(p) µ=z.. _.

:
. % = ST 3¥, -- sur



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

killing vector field Example I - (R .
Sab )

(Migab) 348k€ killing vector field # ¥ . Z-y.JP& :m→n & diffeomorphism
/Va ↓ ↓

3% * Bt &*9ab=9ab , -1*701 # isometry ,
d5=dx2+dY= rid# + dr'

diffeomorphism ¥ = -9¥ + ✗ Ey

Vat> { lot / + c- RI } . Ole :M→m is a diff . Ex 2 . (Rb , Sab)

}" ↳ { 10+1-1 ER } , de :M→m is a iso .
b 'T : ¥ ,&y,Éz ,

-93×-1 ✗ Éy ,

- ZÉytY≥z , - ✗ Iz -12¥

one-parameter group of isometries Ex 3 ( R2 , yab)

ds2= - It'+dx2 = d.42 - 42dg 2

3A is killing ⇔Lz9ab=0⇔Ra}b)=O⇔Pa}b=D[a}b]
✗ =4wshy , -1=4 sinhy↳ killing equations

0=L } Gab = }cDc9ab -129lb Day }
'

¥
,
¥

, Ey -- t# + ✗¥
( choose Dcgab = 0 ) boost

= 2 Dca }b) Ex 4. (R". Jab )

Claim : 7- {xn} sit . 2,9%1=0 ⇒ ¥, )
"

is killing ¥
, Fy ,
Iz

.
É 4

-9¥ + ✗ Fy ,
- . - 3

Claim : % geodesic -1' }a # Eph , AP TbDb(3519=0
✗¥ -1T¥ ,

- . - 3
lhigab) Pf :

From boost to Lorenz transformation
}#

Ta↳ geodesic Tb Pbl }aTa)

=TbTaPb}_a + }aTbDbTa=o
+
^ µ

"

✗ = tushy , -1--4siuhy

antisymmetric
↳
= 0 - fit ✗2--12=42> ✗

%
,

7min03
✓
#⇒ {* 'ik / ""⇒

Ta=(¥y)a {∅, / TER }✗MT)
✗ }a+ Pga C- % ( Pca} b) = ◦)

3?

% % is a vector space
÷y= ✗¥ -1T¥ ⇒ TM=(× ,-4

I
xTn=ᵈ¥=(¥y . %-)

Claim : dimnf ≤ %⇒ (dim% to Riemann space

Fix.tk?rHkEEbe . ) ⇒ ⇒ =x , ¥ -

- t ⇒ Http)
= xnlp> + f%¥dy

10,41=7 , Xn(%lP)) = ✗'Mlp)

:-X'M ( P ) = f- Lorenz (XMP))



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Conformal isometry Conformal transformation

& is a conformal isometry

④*9)ab = 5h29ab
,
r is a nonvanishing function

( xttcocp)) = gulp) i. e. XM = §*yr

**9)ab ⇐yµ)a⇐yr)b = 9ab⇐×n)a⇐×Db
↓

= sigab ⇒ si g'm = 9in )

conformal killing vector field Ya

(Ly 9)ab = 44%9abt Gob D'Ya + 9acD°4b

= 2 Thatb)
^ ^

>

\
,

= 29ab

↑
¥◦É(¥9m -9in) if ¥+9m = at 9in (accel)

⇒ 2pct, = age, = na ⇒ ✗ = E- ☐% (n -_ dimm)

⇒ Thatb) = f-Htc ) - conformal killing equation

Along a geodesic :

ub Db ( Wata) = f- (Delta) ubub

Pf . ub Db (Wata)

= Ya Ubpbua + Ua Ub DbYa
↓
0

= uaub Dcalfbj = uaub £ (Polk) 9 ab



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Hypersurface Claim : Pat /f.◦ is a normal corrector

Pt . m
s

lots] M

wa/
∅"] wa Daf = wtf) = ◦

> dims ≤ dimm

∅

∅ :S →M is called an imbedding if ∅ is T.INT/-i-T=Manifo1dt-iEeFBa metric field
one - to - one and ∅* : Vp→ Voip, is nondegenerate V-pts w/ na -_ nbgab B- normal vector

∅ :S → lots] is a diffeomorphism Claim : na c-Wq . iff nana = 0

Pt . ① 1=>1 necessity :

lots] is called a in bedding submanifold in M

na c- Wq ⇒ nana = 0

dims = dim M- l then S is a hypersurface
② (E) sufficiency :

ha = @Ya , n' = race
' )a= O

S M Ta

> •
-4"]

induced metric
• \ Vq , Gab Not . hab ( lots] is a inbedding)

✓9- . V4

Wq/
•wat hab W.awt-9abw.awk.tw?.wbEWq

normal corrector ( covector RPI dual vector) ¢[s] is a hypersurface :

Nawa __ o tf wat Wq for non null hypersurface

claim : na exists hab = 9abT- nanb

(at -1 nonnu hypersurface , E-¥ normal vector
Pt . Wq As basis {Leda . . - Cena }

nana = -1-41
m) vq basis { Leila . . - ten)ʰ} A- Leila c- Vg- Way

pf.tt#-HeFi.- { na , @Ya } , { na, @Ja } i.5- 2-- - n
H-E.FI dual bases { (e)a-" Leila}

hab = hi, &
")a(eJ)b

4 na = (e)a
B- e(% ,

(e) /b C- Wq ⇒ habnanb = 0

↓
In -112¥ ma ,

ma @⇒a = 0 , (T --2, _ . _ n ) . Y ma = della hab Wawb = gabwawb hav MMM =P

hi = Gab &# legjbMm = Maeda = ma (a)as 'm i. ma 5- ha E. 3k17g -17217=7
try = Gij hi, = 0 hit = 0

f-_ ◦ FtkÉXH-4 hypersurface , Ey -42 Pat / f-¥0 { 911=9abnahb
-_ nana

C # - constant 94=9abkitanb-naei.la __ 0

hmu = {
° ' M=v= ,

f- = C -↑ hypersurface 0--9ii. Morr -- I
9µV , µ , V = 2-- in

¥ÉTK¥t£Tdet{hi
,
} = det {9µs%,

i. hab = 9. ab - nine nanb
I i. 152T¥£



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Claim:dim1(e) =ee**for null hypersurface

hab wanb=gabwan" =0 Hwat Wq Pf. War-al =Wm. ...us (erYa, ... (eme)al

↓
degenerate ->D-RTEG metric

= Win. ...nez (etra, ... (emer)al

... induced metric
=

Wm. ... ne (eMyia. ... (emeals

If non-null hypersurface Is-it is:
= Wm ..me (erain ... cereal

hab =gachab =gac[9cb Frcnb)
ITRTux ...x(-e+D4, (hp es:4), AR. #-T

Pe!-1 TBE I*D
=Sab I n*nb

ti, ARES-i en-es!
habrb = va IhaUbUb = va =hibb =na(nbUb)

I
=>dim 1C1) =mes!

na(nbUbS
(nathbrb) nahYbV"=(Ab= hann) vods] =O tomanifold I

hab is a Projection map Was... al =wa..ne(dxMYat... (dxMe)al]
-.B.E

=-wa. ... was (dxMain... (dXrl)al

Differential forms
wl...me =was...al(Exila... (ae)

a

if was...al = via. ... aly, then it's called e-form
exterior differentiation

2) WM ...Me
=

WIM1 ...]

V Ances, a set of all the e-form fields
Julo.)
-

d: 1n(l) ->1n(e+1)
nces-> alll-forms

def: (dW)ba. ... al:= (l+1)DIb Was... all

ACI) is a vector subspace BiE -
0 -0

(ib Was...as +CayW/daz...ae] + Ca2Wava as...are]
+...Wedgeproductis*xicabtilktheeDs***ems) =FtsWas...ae), Iderivative operator isthe

↓ ↓
Ej.07t abstract index 644EtIE l=0b+ (df)b =Dof

(*A qalas...al;by...bmM1w
=

I wen IE*FAS.(
()l-m

M (dx*Yase... (dxMae =(dxmain ... (axe-)ace-s (dxee/se)c
=I! (dxMD[a,...(dyMe)al] =ea....we (dXMYa.... (dxMe)al



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Claim :

(dw)bar . .ae = § @win . ..ae/bn(dxnYa,n...n(dxnl)aeT31RnEai-..an--CdxDai1-
' ' A@✗Man

IT
scalar field un orientable manifold be #• Mobius strip

Pf - left = (btl ) DEB Wai . . .ae] p ¥. . n -form dim 1cm = 1 , E
'
= HE hkscalar field

= Kill)P[bWµ . - me (d×m)a, - . _ (dxM%e] ↳Ah >o Kitt#E) , 44-544--44 A orientation

"""¥"
""" "" " """" """" "" "" """ """""

i. hT¥kHH # E. * In Lt b-
= IT ☐bwm . . -me ^(dxM)ai^ - ' ' n @Mae

¥-44K:X ← (ME -4L'Remanifold)
tree ! EMP = { Pb Wmi . . .µe ^@✗Hai ^ - " ^@✗Hal
8k£ ←

M

0

a
G c- 0

[d. (dw)] cbai . . .ae = (1+216+1) Dec Db Wai . . .ae]
W_ = Wi . . - next , . . . ✗ⁿ) DX

'
n - - - ndxn

= ⑥+2)(1+1) 2K 2b Wai - - - al] = O

n Et
⇒ died = 0 LIKE#ñFk¥p5XÉ { I i = fwi.in (×! . . . ✗Y DX' . . . dxn4[G] ✗[G]W_ is closed if dw_=0 ,

he is exact if 7- NS.t.w-dk Claim : / Wi. .- n 1×1 . - - in)dx ' . - - dxn =/wi.nnlxi.in)dx" - -- din

YEG] Y'[G]
exact ⇒ closed

⇐ Pt . win .n=?÷% . wm.mn
?

locally right , bro#B- globally right . ¥q¥-1¥
Faff(for R

"

, globally right ) = det { %¥v } win = Jw , _ in

↓
Jacobi determinant

M

dw=o µ# neighborhood kTb¥L f win DX" . . - din = / Wi. .in Jdx" - " din

.pN ⇒ w_ = da 4T€:-&.)
Y'EG] Y'[G)

* 9- At neighborhood ITA#I
= / Wi - " n DX ' . . . dxn = The

PAs' neighborhood
5- Phi 7-¥7

yea]

Integration as Betty f. tK¥4F , T → - J , -525

92¥ orientable manifold title integration

Def . An n- dim manifold M is said to be orientable

if 7- a co , nowhere vanishing n- form field on M
- Mmmmm

It :/f- YE
LFA#7-↑ Levi-Civita tensor)



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

,

M
"
l"

Cn - 1) - form w_ on MSl
∅

• q
- $1s]

fdw_ = / w_ =/ WE
WIN) 2N 2N

Wai . . .ae ¥101s] ☒ , -1 Wai . .- ae Vat =o , i.c- {1 , .ie} ,

trail c- Vq - Wq f@l_yYbWMn-mln-HldxMYain-i-nldxMn-Dacn.y
ICN)

↓ ¥44415k "ky - :LW_ ↳ Ñ , W-C-vq-wqiw~c-wg-f-n.DE, wvz . . .vn] @×")b^(DX")a, ^ " - ^ @×"/aim,
Ña, .. .ae (Wi )

"
. . _ (we)al:= War. .ae (Wi )" . . . (weird i.CN)

=/Ñ_ is the restriction of w_
un,

# BE Wrz-- - un]n!(d×¥b(d×")a, - - . (dxVÑacn→,

f w_ = / Ñ = f P[www.i.vn] (d×")b(DX")a, . . - (d×°n)acn-y
lots] &-1s] WIN)

Manifold with boundary Volumn element

M N
☒n-

the signature of a matrix → -14418ha.tk/TxFz.a-tFxZH
On

manifold with boundary
" %"

>
>

[%"" *Kaia:|. 'T-13m

Xp ⇐ gs
→ signature

v14
→

v14
Rn Rn

- ☒ em . . .µn
= -1-1 =Veʰ '

" 'M ( 9>0)
Va Va

em. . .mn = 1=1 = - eh"
-Mn ( geo)

Eµ, _ . .mn = ✗ em - - -µn

Rn
-

:= { (x '
,
. .- ✗

" I / X' ≤ 0 } E
"" ' "

= 9MM . . . 9mm ✗ eµ . . .mn

= ✗ er"
" "

det { guy2N -=Ñ the boundary of N
HN)=N -2N the interior of N A- det ^ } = det{gary -1=-9-1
N = ICN) U 2N

EH - - - rn
= ✗ 9-1 eh - ' ' un

2N is an n - l dimensional manifold tE¥tÉjÉ

Stokes theory a' " " m = ?g¥h,s . . . ?¥µIn ✗ g-'em. -

an

M M is an oriented manifold .
= ✗ 9-' en -- ' rndet { %¥ }N

N is a compact subset ofM which is
E'vi. . .vn = ?×.

- . _ 2¥11 ✗ em . .

.mnalso a n- dim manifold with boundary .

µ
,N

= det{%µ } " ✗ em . . -

un

Fy 9 'nn=%÷uᵗ¥% 9µm ⇒ 9 '=det{3¥! }-29



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fix a
' " " - rn

= ✗ g-
' en - - - un§, Gauss's law

=¥, Egger"
" " fut :=fnt≤

Claim : f *bub) E- = f Vb Ebai - i. and)E'v1 . . .vn = ✗ eµ , _ . .mn NINI 2N

* ] A-Tty#=iEL÷EJÉ ✗ = FGI Pt . The = / vbeban.am-☐ = / dvbsbai-i.am-D
2N ICN]

⇒ EV ' _ " "
= a g-le

" - - - rn
= eh - " on

= f n(D[c Vb Elblai . - - anti)])
Eri _ . .vn = ✗ eh ...vn = evi . . .vn

= f n [cvb ) Ethan . - an-1 ]

f. Eatman = ffgievm.vn (DX")a, - " Cdx"/an = fnD[✓ ✓Emm . . .mn, ]
@×%^(d×M)a↑ '

?@✗Han
-i

↓
=/ Tgi n ! ldx")[a, - " (d×m)an] =-D:*-1K¥ VMI - . - un- I ⑦ l-n-nifk-t.lk

=/ Fgildxriain - . - nldxvn)an A- 0--0

✗ sgnlii.int,

=/¥2, .fi#vVFgevm...nn-i)CdxYf---4dx4ai--Claim : Pb Eai . ._ an = O

n aˢ9nl↓ 1

Pt - Db Eat . . . an = Pb (Tgi eµ , . . .µn(d×%,
. . . @✗uhlan) =/÷ ?,&☒vV"t evi . . - v-iv-n.in @-11 !)(d× .

It

A- Db(dXM)a=o
,
Pc 9ab=o ⇒ DbFg1=o sgnl I

i. 0 = / Print (dx%^ . _^@×"-Yami

claim : Ea
' - "a) at" - " an

Ear.-ajbjt, - - ibn = § Pb Vb Eca, _ . - an- I

= (4)ˢ Cn- j ) ! j ! stat"b;+, - . . San ]bn
Another Pf :

Pf . left = eat -" a) at" "_ an ear - i. ajbjnn - bn = f n PEC Vb Eban . . - an-i]

¥ bj-nn.br/Eaj-n...anAiTEk-t4p3-Jleft--j!-ys →

scalar field

n D[cVbEpµ . . - any ] = h Ecai . . _ an-1

¥ - . - I . . . At -18841231 left = - j ! 1-1)ˢ ↳ 1- dim AHE

¥
.

# ftp.vk left = 0 9cal " - an-' h Eca,. . - any = h -4)ˢn !

right = j ! Cn-j ) ! 8%"bj+, _ . . San]bn Eka" " ""] n%Ecvbqblai.i.am] → F=hfEgE ]

¥ aj-n-iankbj-n-i.ba WEEK -141231
= n Dcvb (4)

ˢ Scb @-11 !

right = G)Sj ! Kj ) ! sÑ-"bj+, . . - Sbn] bn = (4) ˢj ! = n !Db Vb HIS

¥2 . _ . 1¥ -84771 right = - C-1) ˢj ! i. h= Pb Vb i. %=/ Dbvb scat . . - an- ,
others right -_ 0



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

LM ,9ab) # 2N KAI 'ÉFBET¥Ñ Éai . . - any Dual differential forms
(Nihab)

•→
na afar - - an-I = hat bt . . . ha"" b"" &

bi . . . buyit (Migos)

dimples = e?÷, , = dimAcn- e)an Iat-- an-1 Ear
. .am,

= (-15^4-1) !
p•

*
: Ancel → Amen- l)

claim : f Pb Vb E- = -1J
,µ

vbnb §
,
(2N Enonnull

hypersurface) Hwa, . . .ae E Ancel , def * war. -an-ebY
~

Pt .
"¥gFq=jiEoA ± vbnb É = (vb Ebai . - - an-1) ⇐ w)a, . . - an-e := Wb' " ' bl Ebi . . . bear . . - an-e

~
e.g- *f)a . . .ae = f- Eai . . .ae(vb Ebai. . - any ) I Ñai - "an-i

# 2N ± Cn-D- form I 1-dim * (*(w))an. . al
i. Ñai . . - any = K vbnb Éai . . - an-1

=n,
Wb, . . -blab"

" bl" ' " "-b) Eci. . .cn-ear . .ae
TIE 1<=-1-1

= µ-e) Wbl . _
' bl (4)
""%) ' e ! (n- e) ! Fbla, - . . 8b£

LM ,9ab) dimvq = n
(Nihab)

'HL n 'T basis {Leda _=na, Lenya } = A)
"""
e) ˢ Wai . . .ae

§
"

↓

A-E orthonormal 1- ' - n -1 back to Eudidian
ON

i. { Ceuta } B- Wot Es basis ( wq I 2N As' tangent space)
" ' ④ ✗B)

a
=

* ( An B)c = -12 Eabc Aan Bb

= É Eabc 21¥ Bb] = Eabc Aa Bb
kvbnb Ear . . an-1 (em)" . . - (Eun-da" = kVbnb&µ . _ -un-i 381

↑

ecabtceabdAd(2) grad f- = df
(d)aleida = 5m ALF orthonormal "

z [ ]
"

div A- = *( d*AJ f- cab Dceabdad = Delta)
G)a = ± na ( nana = -1-1+4:L:) ↓ curl# =

* (d A- ) (= eabc2DEbAc] = eabcibA')

=±kVb(e°)bÉµ . . .mn, = -1k v0 Éµ . . .mn,
Claim : ① curl É=o ⇒ 7- ∅ sit . E- = grad ∅

② div 13=0 ⇒ 7- A sit . B- = curl A
¥ ,orthonormal basis F hav = Suv ,

Éµi . . .mn- i -_ em.. .am
Pt . ① curl É=o ⇔ *@E)⇒ ⇒ dE=o

Ñai . . .am, Ceuta! - - lean-tan
-'

= Wai . . .am, Len, )a! . - lean-tan
"

⇒ 7=01 sit. E- = dcf ⇒ É=Io
-orthonormal (☒E.IR)

= V8 Even - . - µn-1
= V0 EOM-n.mn-1 = V0 em, . . .mn-,

I 7-File

µ ' - ' '
in-1 I 1- - in -1

'

- &Lt4P,fKmv=o ☆ A #0 ② divB- =0 ⇔ d-✗B- = 0 ⇒ 7- A- sit. *B=dA_

⇒ B-_ * (DA) ⇒ B-= Ex #
Ik v0 em . .

.vn-i
= V0 em . . -un- i ⇒ 1<=-1-1

His 2N is a null hypersurface , m) claimÑ5É , TEEL XFE-ff-FK.EE

d- Eat. . . an = n[at Éaz - - - an] IE BYE



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Lie Groups & Lie Algebras

ABC of Group Theory

G G×G → G

• gig, (a) (9,92193--9,19293)
9; §, (b) 7- EEG s.t.eg-ge-g.tt 9 EG

(c) V-gtG 7-9-1 sit . 9-19=9-19 -_ e

subgroup
G

H HAS to}-Faik -5 GARB .

•

.

.

G G'

µ is a homeomorphism
g; •Algy

µ : G→ G
'

g: fu Man
µ(9 ,)µ(gz)=µ(9192)

if µ is one-to-one and onto → isomorphism

4+9%1-19,2=18 µ :G→G automorphism

adjoint isomorphism
G

2g : G → G

go Iglh) := 9h9 -1 , theG



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fluid Flow (¥712171 -1 , - , - . - BYE] Fermi Tb
' Ex :

I

4- velocity :}
"

D÷ = }b pbya + 2 Ata }
"
Yb

issa
-5 }aT¥ ftp.s-E#zH-=4Fkt-.-t

•

rotation :

induced metric : hab

DdY÷ = - Raby biii.FAAS

rotation field : Wab -_ hiamhb]
"
Pm }n → JEB.{Fifa.fi#:g.Espgsrab--zA-azb]

expansion field : Dab = hcamhb,
"

pm }n → -1191£'af¥%%pz .

stab = Rab - stab

i. hamhbn Pm }n = Wab + Oab 7-t.TL } Ya
--0

, trip
↓

3bpb ya = yb ( Oba + Wba)
( 9am - }a}m)(9b " - }b}ⁿ ) Dm } n

ftp.tat.FI/AOba+Wba/p---Rba--Da3b-3b3#a3n-3a}m Pm }b

+ 3.a }b}m}ⁿ¢m}n ( with 17m¥ }b }b) = 0
I

=
Da }b - }a}mDm}b }bpm 36--0 )

⇒ Da}b= Oabtwab -1 }a}mDm}b

at - ↑#

rt-Askk-bsya.T-i.pt?..TGya3a/p--0isaLzya--o
wordline✓

• >

ya

NP }bPbya _ ybtb}a=0

⇒ }bpb ya = ybDb3a= yb ( Oba -1 Wba -1 }b5Pm}" )

54th .# P ¥
. . .
( }byb=o)

TG }bPb ya /
p
= @bat Wba) Yb

① Wbayb 1- Ya ( wbayayb =o)
①

3A Datybyb ) = -2 Yb }a☐aYb
=
_ zyb yc( Ocb + w¢b+}c}mPm } b)

= -2 Oabyayb - 2 ya }ayb 3hpm }b



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fermi transport & non - rotating observers claim : D÷É=o
Pf : DFaZ÷= Da¥ + (Aan 2- b)zbGCT)

za
^ = D¥ˢ - Aa = 0

(
Xa za , four- velocity

( zbzb = -1 , Ab Zb = 0)
Pi
•

↓! WR ↓
=⑦ Do 2-b) Zb

✗a ☒Etty-7-7×9-4Etfs_j .
= 2-

• Pce) - Lzctczb)Zb
"
◦

FERDY -443¥ t.it. Gas ± Ai Xa , ☒* xa -447J
Claim : DFdYˢ is spatial , for t wa which is spatial

for :¥# HE HEER

or DFdw÷=habDdw÷
✗a 2-a = 0

Pt . za wa = 0
2-
b
Pb ( Xa 2-a) = 0 4 * 0

hab Daw÷ wa = Daw÷ Wb

HsBk Xa 144.3L .
it# X'a

Zb Db (✗'a 2-a) = ✗
'a zb Dbza = ✗

' a Aa
{
hab Ddw÷ 2- a = 0

↓

four - acceleration Dt÷Y wa = Dhᵈ{wa + (Aas 2- b) Wb Wa
Dxa = Daw÷wa
*

≤ 2- bib ✗a

Civ) DFd¥aza= Daw÷za+(Aan 2-b) Wb Za¥1 , Fermi derivative operator
= ZaZb Dbwa + Aazazbwb - AbwbZaza

↳ o

¥÷ : FG (Kil) → Talkie) (at geodesic , -1¥ = ¥ ) = ZaZbDbWat Abwb
↓

(a) linear zb Db 2-awh _ wazb Db 2-a
(b) satisfy Lebnize rule It "

- Wata
(c) -5 contraction To ¥8K

Claim : Dd÷9ab=o(d) Dd÷f = date , tf c- FGCO> 07

Pt . Da¥9ab = ¥9ab - 4th Ba)9ob -(AʰBb)9ac%÷va=D¥ˢ + 2A"2-b] Vb ↓ ↓

Periyar Ababa Aa^Bb

PFdˢ = Ddw÷t(Aan 2- b)Wb = wa Da¥ + wa 2A" 2-
" Vb→° = 0

+ va Data + V92 AEA 2-
b)
Wb

°
←

D Tal ' ' ' akb, . . .be = Tat
- - ak

bi . . - be + (Aah 2-a)Taal
- - 'ak
bi . . - be

+ - ' - + (Abin 2-d)Ta'
" -ar
di bz . . . bl - - - -



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

rotating claim : Leo)a=Za . {Lenin ] As orthonormal basis ,

HE- Guts ,Ei)☆±EEi -444452*1%-413--4}
Dva
*

= - Rab Vb space-time rotation
pf : DF=-D:b @Db

space-time rotation preserves inner product

DFe%=o = - LepaÑ! @ilb
Ñab = Aan zb DZA

, y
= - Ñab Zb boost

- &:)aÑjb(epb = 0

{Roi
. Rig } ⇒ LÑ:);i + ftp.y-o

↓ ↓
boost spatial rotation ⇒ Hi)y=# ly

wa ,
a spatial vector field on the world line Proper coordinate system

GG)
1. Aa -1-0 2

. Wa =/ 0DFW a
→

= 0 = DY÷ + (Aarzb) Wb ⇒ Daw÷ = - Iab Wb

9- 5- Gto
'Ib}# , Yza

^
9- 5- PFH-ofs-teat.FIClaim : Dang = -Rab Wb , Stab = Rab - Ñab P wa

< of > •

9-
> 1st . geo . wa = Ta / pstab is a pure spatial rotation Mls)

Pf : - Gab Wb = - Rab Wb + stabWb = DFdw÷ Wi = wa let)a

'He - {A- orthonormal basis Leo)a=Za
,
Cei)a=awa 9- ¥. _ ¥-47. :

↓

¥1-11 -119-1 := Tcp]

V49) : = stg WIC- stab Wb ) za = 0 ⇒ -Ñ "wi-o.ltspatial wa

i.
"
= 0 i. Iab is spatial claim : proper coordinate Asi coordinate basis ¥

G⇔± 5- Ts# Fo' orthonormal basis TEE
claim : wa # spatial rotation * sufficient and necessary

Pf : (g)
a /

p
= ⇐Hp = za/ = (a)alpcondition I D!=o p

wa-618 ←Pf : - Iab Wb = D÷¥ ,
stab -_ o

bi 'iñqÉ w:(¥141, = ¥)"/ p = Ta / p = wa

spatial rotation ☒ spatial vector (angular velocity ) -1¥ :(÷;) " /p = Leila / p

DF¥_a = - stab wb = - Z¥acfwᵈwc Exist 9m / p = Tnr
induced 3 volume element



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

L
Gies , Ita , Wa , {xn } Geodesic deviation equation

za Ltc)
n
>

Ua

3- velocity ua :=(¥)ad×d¥- Toto go.ci, {Tis, Xiii }
P
- WY 2-a=(⇒a

3- acceleration aa :=(¥, )ad¥¥ˢ 9- Is Nils
Aza wa -_⇒a

separation vector
7 >

Wa

habub PIT Mo's) B-☒4-14-43. -4k¥
Claim : ua =

g- ,
r= - ZAU" \

geo .(sAIEEEakFs)
Pt - '

☒ orthonormal basis , Leola = za tf o = [ Z , W]a= Zbtbwa _ wbpbza

habit @Ya -_W=(¥4d×Ya¥ᵈa¥, /p TH zbDb(ZaWa)
×

f= - V0 = -¥ )a(dx% = - dᵈÉ / p = Zbzatbwa (geo . )

= 2-
a Wb Db Zaftp.E.d-i-dt : 8=-1%1, - -

= { Wb Db# 2-a) = 0
i. ui = # = ᵈd¥

i. HE#

Claim : Aa = - Fa - 2 Eabcwbuc -12(A) ub) na wa -1%1" / p
Equivalence principle & local inertial frames W'a=a /

⇒ Wass -_µ , W'aos = NaGte) M4

ftp.t#TRUa:--zbDbAa is spatial" ✓ ( 2-alla = ZaZbDbXa=ZbDb&a¥a) - XazbD÷Za=0)sun ↓ killing vector

field Asi integral
*☒HEHE Ña:= zbpbña

geodesic
curve itgos-tkkr.EE

- ☒¥piE killing vector field IÑ integral cure 'Éñ ua := zbtbwa ,
at := Zbtbua

*Kk#4412154 :*
Claim : Ai= - Rabdczawbzd

Fg ;% geodesic EK44 .

Pf : At = zaialzbtbwc )=ZaDa(wbDbZ]
←

( [ 2- , w]a=0=ZbDbWa _ wbpbza )

=Iwg¥bE+ZaHzwb



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Pc = zawbpapbzc = zawbpbpazc _ zawbprabdczd
FUN

Rabcd = -@[a 2b] 8%+22 [a 8dB] - 2ᵈ2[a tb] c)
= Wb Pb# Daze) - Wb(Daz4PbZa - Zawbrabdczd ↓

,

i -
= 2d2[a Pb]c- 2c2EaPᵈb]

↓ Fix wbtbza= zbtbwa
Rac = Rabcb = 2b 2@ tb]c- É(2c2a8bb - 2cLbtba )

= -④azc) zbtbwa = - 9- ° ↓

Éfdbdatbc - 2b 2b Tac)Ac = P'+ 9-
'
= - Rabdczawbzd

= 2b deafboy - 4- (2b 2b fact 2a2c8bb )

Ñb / -1=0--0 -774%44} R = Raa = 2a2b tab _ 2b 2b Paa

¥4kThe Einstein field equation Gab = Rab - É9abR = Rab - É Jabr

Rab - É 9.ab R = 81T Tab = 22Caleb, - É(Kitab + 2a2br)

- É Dab ( Treadled _ rdcdcr) ( it taa = f)

Linear approximation & the Newtonian gravitation A Fab = tab - É Tab 8 FIX

theory
Gab = 2c2caÑb) 1- 2c2ca Étfcbl

↓
( 1124, Gab ) Gab = Tab + Tab É Hadb) 8 = { ¢2b 8

I
- § aci Fab - 4- achyabt )1-4×9 18mL << I
- É Tab 2c2dÑᵈ - ÉYab\2c2cJ

/

gab = yab _ jab ( jab = yacybd red ) - É2a¢b8 + { Dab\2c2c8

( PE.tk -2-37 ,¥np☒yabAPqtñ*:-p = 2c2caÑb, - 4- 2' 2c Fab - f- Dab 2c2dÑᵈ

✓

( gabgbc = ( yab_ jab)(ybct Pbc) = 8% - pabtbc ) gauge transformation : Fab = Tab -1221A }b)

Ñab = Ñab - É Dab ÑRabid = -22 [a Tb% + 2TÉaTb]ᵈe
↓

= Tab -122ca}b) - É Yab (8+22%1second order

T
°

' 9cᵈ(zgdca.by - Gab,d) = Fab -122Ca }b) - Tab d' }c
ab = I

abcd _ Raised = 2ᵈ2[a 2b] }c + 2d☒a }b]¥1k = É Ycd (Ztdca , b) - rabid ) 1=0)
- 2c2[a 2b] }ᵈ - de 2☒a}b]= 2Caffs, - £ 2

' tab
1--07

= 0



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fatty gauge train . 2bÑab=o free falling

a-t-TTEEE.FI#Etx*ti4Firais ᵈ¥↑+T%Wuo=o
2b (tab -12ha}b) ) - 2b (É Tab (84+22 ' }c)1=0 %÷= -T:oᵈ¥ᵈ¥ -2T:iᵈa¥%¥
2b tab - f- 2aÑc + 22bra}b) - 2*1--0 ↓

, - T:;ᵈa¥ᵈa¥ ( da¥=o) ✗◦ = -1↓
→

,2b£}b+2b2b}a ⇒ ◦ = - T :-,
2b tab - É2a8 + 2b 2b }a=0 Ffg - ¥-1b# % = -Tin 1¥ 1¥ + ◦

= - Ti.

t-bu.IT#7-EYT-.T4FiFabTfnr--z'-YPo(8rmv+8ov.n- Furio)
~

Gab = - É22cÉab
T!☐ = -21-800,0 -50

field eq. simplified :

Tho = - É ( Pino + Door - to:o) = - É too , i

- ÉJ2cÉab = 8ñTab ⇒ 2
'
do Éab = - 16-nTab The = ÉY"M(28m00 - room) E - 21-2" too

d2x'Newtonian :

⇒
= f- 2%0=21-2:(4-1-44) ) = -2:$

a) Tab = Podx7a@x7bCTooEPiTioIo.T; -50 )
cosmology

(2) (a) 28µV/at ± 0 Earth
kinetic of the Universe

(b) Ua -5¥, )a= 2- a

Zap ^ Ua Cosmological principle

- Cannonball
as spatially , homogéneous E- if -14-7

door Few = 2%2: Fav ( 2ohm -50) spatially isotropic ¥18171k ↓
= D2 Fmr

surface of homogeneity
☐
2 Too = - 16Th P , Possible Spatial Geometries of the Universe

{ Fo" = °
'

y ⇒ To; = 0 , fig = ◦ i. (M , gab) is spatially homogeneous if .
1728-4=0 ,

7- { It } , 5.t.tt c- R , P > 9- C- It ,

JMµ= 8-2-9%8=-8 ⇒ 8 = -Tru = - 8- ◦◦ = Too
7- diff ∅ : It → Et s .-1. ① §# hab = hab .

② ∅ (p) = 9-

fµv=Fµr+ÉYµvt ⇒ 8ij=É%jÑo , Toi = 0 , too = -4Foo

Foo ≥ -44 4.4.34 17201 = Axp



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Claim : 1^2 abcd = Zkhctahb]d . (Et, kab)
2. , VP C- G. Wia , wza c- Wp ( Ima/ = /wit), G

(Et, kab)
7- drift & : M→ ns.t . ① 4*9ab=9ab ②Hp)=P Pf . dim Ap (2) = 27¥, , =3 p .

③ 4*w,a=wi ( isotropic ) /
P
. 3m

"

win Rab 'd Ycd C- Ap (2) , Ap (2)

tf Ycd C- Apca)
Ñ%d

.

Claim : {I } is unique ⇒ E. 1- G • Ycd
i. Rab 'd : Ap (2)→ Ap (2)

G

Pf . ① 4*9ab = Gab
Rab 'd 1→ L (3×3)

⇒ YEE] is a surface of homo !
"

E

Rabid = Ecolab⇒ his symmetric%"L=(" Lu )② 441 =p ⇒ PE YEE] 133wi¥⇒ p c- (En 452] ) CCN
isotropic & {It} unique ⇒ 1--21<2

☒⇒ {E } is unique ⇒ YEE] = -2

1HEI SAE gd] ,
(2)

③ Wia =
a

⇒ 4*w,a is the tangent vector
113 1<=0 del = dx' + dy

'

+ dzz g
✗ =Ysinocso

of 414N) . If 461N) C- E 9=4 Sino since
= dÑ+Y(do'tsiiodoylz-yosoi-4-w.ae-2 Ttxwza HE 4 ③ F-KIE (2) K > 0

↑
≥

" ' Pt :
✗ = pginocoscf O

'
"

-
. - ¥7

7--1=1-2 , 7- diff ∅ :[ → E sit . ① ∅#hab = hab . ②447=9 u to vf- rsiuosiit > ×

I rdol
7=1--1452] ,

7- diff 400/04-1 : 4[E)→ YEE] 2- = roso
,

A- ① 4*001%4*-1 Kab = his , ② 400104-4ps, = q . ↓ 4- dim
✗= rsintsinoo.at(2) Pf :

y=

rsin4sino.si/04*TaCfj--Ta(4t)--&fC4CccxD)4-xTais tangent to 4664]
2- = rsinuaso

w= rail
space of constant curvature

dei = v2 ( d4't sinitcdotsiiodo))
(Ms Gab) Rabcd = k§ac9bd - 9bc9ad)=2K9c[a9b]d

⇒ abed = ¥ Sa
" Sbd] K=jz >0

① highest symmetry dime = É"

② ÉikÑk .TK#kts&e( signature) {E.¥ ,
# ip-pify-p-tjy.EE

↳ K - o +2- ✗2-92-2-2=32 ( 34%2≥##-)

KIKE LIERA -4-5>-12) ☒☒KIEHN ds2= - d-i-di-dyk.dz
≥



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

{t. × , y , 2- Y { } , 4,0 , § } Scale factor of the universe

✗ = } 5h4 sinooso A B - isotropic observer

y= } shy Sino Sino
• 814 .

_ surface of homo
.

2- = } sht Go

F- } chit

35kt positive definite metric

ds' = - of }
'

+ 32 [dyi-shifldd-siio.dk)]
A- metric 47K¥-
A. BEATA Beskids' -¥. geodesic

Rab 'd = -% fate Sbd] k= - ji < O B

DAB = / hab¥Y⇔# de
A

The Robertson - Walker metric B

= act] ↳JÉÉˢ de = act ÑAB
{t , ✗4 , di = Good-12 -129oz dtdx" -19 ijdidxj ÷.

isotropic observers 7-T.TK> 0
zaTr

- surfaces of homogeneity ✓ = JI = /rhd4^do^d4
oe / }

or -- ot
' 4-2-14 unique ) h -- (ait))

' /
"

sing
sink sing / =a↳ sin't silo

✓ = fast] siiusino d4^d0^d∅✗1=-4 .
✗2=-0

,
✗3=01 .

+ = T (É ):(⇒a

-=za
I I 27L

= a:-D fsinhfdu / Sino do / dot = 2Ña3c+)
⇒ 900=9ab Zazb = -1 , 90; =0 , %;

= hi
, ° ° °

✗= rsintsinoo.at
hi, It-5×18#Bn hijctix)

(
y= rsinusinosino → 5-243=54--4} gFY hi;Fihᵗo¥nÉᵗE hijctsx) = a'to Ñijcx, 2- = rsiifcno

Pf : Paro "£i¥_ ({k¥**E) W= raif → -1.1 → 0.x

di = - di + att) Ñijcxsdxidxi
IF

(a) d5= - d-i-ak-3-ldyi-sinifldo-siiodo.IT
,
Ñabcᵈ= a¥ Sai Sbd]

Cbs ds' = -dit att) [dÑ+42( do't sincedot)] , Ñabcᵈ=o

(c) d5= - dtl-ac-DEd42-c.hu (do't sinodo)] , Ñaiᵈ= - a÷, Sa" Sbd]

dsk-d-i-ak-I-LYT-m-mldi-siniodopr.be = { ii. ¥?! ( r={
"¥

-1,1<20 sht
)



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Dynamics of the universe ᵈ÷p|p,=o , ᵈ¥p,=o ( ¥704k#447
Hubble 's law

☒ geodesic ftp.T#ZKn ,

2- = 1¥ ,
2- xD %p 5- ᵈd¥ HE# 0

2- = %, -1 W' =[ w

ka -- (¥5 +⇐rY¥p+¥i¥p+¥i¥
⇒ 2- = JEE -1 ≈ u

◦
K

⇒ u xD if no = Ho Do

0=9%+9%1%-5 + - - -
- - - (☒J%-=&¥=o . ENTE

☒712)

u⇔=ᵈ = I ᵈda = Die, ᵈa¥,- = Hits Da,
" """ = "" [¥"¥ᵗ+#"

¥]"¥"ʰ¥+¥%%]
(Da) = at) B) Hit]

= - ¥ñ+÷nCʰpi
Cosmological redshift

u ↓
A B ddtf + w

'
= o

Wi = - gabzakb = -

go.is#)akbkb----Zp)b--(-+)bdd--p+(-*jbdd-Xpi •

Pat. ⇒ a ᵈ¥+d¥wd¥=o
2-a ^

7

Kid
p,
•
ka

ti ⇒ ᵈa¥=o wxoi
'

, AaaDH, )

W
,
= - Gab " (¥1b dat ( go.io)

Altz) I act,) + tilt ,) (tr-ti) = act,] -1 Arti) DAD
= - 9. ◦ ¥ (900=-1)

(ta- ti ≈ Dti ] , ( o -- di = -d-i-d.li))
=¥p|p,

%, = a% = It %, DAD = It Hai] DADwr=ᵈ¥1p, di wcp)=ᵈtdFˢ
2- = = ¥2 - I = HAD Dcti)

o=ñ¥+T%ᵈ¥¥
Evolution of the scale factor

0 I 2 3

#Hit:-b. { t.no ,417 :

contents {
matter Tab (mater) = Pm Uav,
radiation Tab 1rad ) = Pr UaUb+P(9ab+UaUb)

o=ᵈ¥, + zoia-dat-pdfp-zi-dar-pdfp-sinoca.ie#p-T(P--Pr/3 )
Tab (total) =P UaUbtP( 9. abt Uaub)o=ᵈ¥. + 2÷¥pᵈ¥p+z÷¥¥p+zato%ᵈ¥



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Gab -_8ñTab Radiation Universe : F- Pts ⇒ 4=-3 -ÉFp⇒pxa- 4

① : Ii = # Poi- k BE # Pat = constant
Too __ Tab Uaub =p

^ ^^ Ua ⇒ ii. = B'a-2 - k k=-1{ Tio -_ Toi = 0

⇒ a'= 213-1 - k-12 Pio
Ti
, --P9i,

Ji -11Goo -_3(ñaIk)_ = Step ① > t

I
Gy= - (2%+4+-99-4 = 8%129-4 ② e.

② 5-① rprad.LA
"

⇒ aÉ= -8×4+5-1 ⇒ iii. = - 4za(p+}p] ③ 0 rpmaterxa-3
•

>t

Alo)=o → big bang singularity B-HAE# radiation 'éÉ¥tÉÉ

① : 3(ii+k)=8xPa ⇒ 3 'aai= 8-xpair-4-xp.az
↓ Ho ± ( 20 km/s)/Aq%¥

(-1-12×0)

Fix}0 - 4za( ftp.a-4-xlzpaai-fa' ) to -5 Hot -513718¥

⇒ - ( ftp.a-zpa-pa The cosmological constant & the Einstein's

⇒ slptp) 'a= - da static universe

ftp.Ptftn4-ssfin-P-q.H.tk
,

static
⇒ É= -3¥ (Ptp) 0

☒* zq§paTab=☐,
① : 3(ᵈa÷ = sap ⇒ 3k=8zpa2

static
② :-(÷+ᵈ÷9=sxp⇒ -k=s≥pa

.
/ ⇒ ×

Dust Universe : F- ☐ ⇒ f- -3 -Ép ⇒ Pacis

① : ii= Epa'- k EA-=¥Pa3= constant
Ñab=8xTab

⇒ ii -- Aat - k Feel? :# ⇒ oi=da__
di a

⇒ dd- = Aa- Kai a. Gab = Ñba b. DaÑab=o

fk=-11 , a- All- lost)/2. t=A(F- sin-5112 ~

⇒ Gab = Gab + Agab ( A= Constant)

( k=0 , a- (91-114)%+43

b.= -1 , a=A(ch-1^-1712 , t=ACshF-F)12
Gab = 8>u(Tab - Gab )

Attn k=-1

k=o original Tab
,
F , J

k=-11
new Tab = Fab - £-99b , P , P

> t



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

f- Too = Too - 9.◦ = f-+ ¥

P9ij=Tij=T; - £-9-

y
-

_ (F- ¥19;

Toi = Toi - ¥9 ◦ i. = 0

at -4 static universe

3k= 82Pa
'
= 8xa2(p-+¥ )

{
-k=8xpa2 = 8xa2(F-¥)

2k = Saa' ( e-+F) ⇒ k= -11

af dust universe 1 = at , f- = ¥az

di = - dt + at[deft since / do't Sinodefy]



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

5. Hadron structureThe thermal history of our universe

quark : R G B
Prado

.
✗ -14

,
Prad

.

✗ a-4 ⇒ That

gluon ↓
( radiation 'EÉÉtCTÉAiPf¥A )

down up strange charm bottom topfor early universe into = B' a-2 - k , a << 1. 13%-2>> k
charge is % - 's E -

s
' I(e)

⇒ die, ≈ B' a-2 ⇒ a -5213T

⇒ Tat
-± P=duu . n=ddu

actually T=¥÷ for early universe
I+=Ñw

. Ti=dñ

Unification of interactions
Quantum Mechanics

Thermal equilibrium in the early universe

spin s

' £ ,
- - - (electron , proton , neutron . . . ) Fermion

0 , I > 2- ' - ( 8, . - . ) Boson ftp.p
> t

Partial Physics tp=(ᵗ÷É≈ to-44s

1- Interactions Neutrino decoupling

strong , EM , weak , Gravitation Primordial nucleosynthesis
2. Antiparticles

^ t ' n ) ^

positron ← cosmic rays

3. Neutrinos

4. Mesons

quarks - hadron ( pin , -11-1 , -11
-

. . . )
e. Ve

particles /- leptons ≤Mrn\ Tiki

intermidiate bosons 18.9 , -" )



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Solve Einstein equation at -4 static spacetime {t.ir}

p . n
}"

Df . A spacetime (M, gabs is said to be stationary , time reflection ¢ :m→m Eo

if there exists a timelike killing vector field 3A 9- =ftp.V-pc-M, 0147 tloep)) := - tlp)

Xilolp)) :=X4p)

8¥21 -13A BEANE#7.4. }a=⇔a %
(14--1*-4*-44) Claim : for static spacetime , & is an isometry

- Ctu

Pf : f-Ctu] , 9- = 0147=4--4)

p.to#a!-Y---(Lz.9)m=o⇒ 9µW:)
4*13-+1%41=13-+1%617-1 Eo

g- = 014) -Df . hypersurface orthogonal vector field A. f-+ 01*-1 = - t

van 4*1%141.1-4=1%1%-1--4
±

F-
I -2

PEE , Elva ⇒ &* add)a= - ⇐Mdt)a

Df . A spacetime (M,9ab) is said to be static ,
Tiff-- ×" i ✗¥ 4*4%9 @it)a=⇔a(dxYa=o

it there exists a hypersurface orthogonal killing
⇒ &*¥u4p= - ¥+9/

vector field . FEEL 1*3*141. = 4¥14

④9)◦◦ |p=[④9)ab⇔a⇐pb]p
killing vector field→

"
= }an

± ± ±

= 9ab#*¥a∅*b = % / = 9.◦ Ip
Eo

I
{xi} * 9)o:/p=[④*9)ab ¥+143,1b]p

☒ 0 = [} , ¥ ] = }b 17b¥.la _ ¥-1b Pb }"
= Gab /q&*¥a&*⇐×Db = -9oilq = 0=90; / p

}bDb(}a%⇒a)/ ④9)ijlp = - i. = 9 :-, / g- = 9g / p
V

= }a}b 17b¥.la + É:)" }bDb}a (L# Gab = 0 )

= 3a⇐*)bpb}a + (¥73b Pb }a
= 2 }(a b)

Pb }a = 2 }
" ¥+1b Pca}b)

2=1--1 killing vector field Pcb }a) = 0 FAH- HETH ¥:)
'

}a=0

d5= 9.◦ (x ) dtitgijlxldxidx)



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Spherically symmetric spacetimes The Schwarzschild vacuum solution

Rab - ÉR9ab= 0 ⇒ Rab -_ 0
ds2=r2(do't sinned42)

(S2, hab)
ds2= -e
""" d-i-eZBlhdrz-rydo2-siio.dk)39=(3-01)

"

*39=1%1%4+1:-p)%towsp gµ= f-
e
"""

° I 23
e2Blr) ) {t.r.o.tt39--1%1" cost - ⇐plaaotosino v2

rhino

isometry group -3 dim Gi so(3)

isomorphic d
Rabid =-22 -Late 1- 21T¥ Tb]ᵈe

the orbit through p of isometry group Gi Kao = Rabcb

Dt - A spacetime is said to be spherically symmetric T°oo= 's C- e-2^-1/01=0

if its isometry group
contains a subgroup isomorphic 1-

°

◦ ,
= d- 1- e-2A)(- are≥A) = 2nA ✓

to 50137 and each of its orbits is an 52
. FFz=T !, =p

static spherically symmetric spacetime TY, = it e-2^-11-01--0=-192--17,

T ! ◦ = 4- ( e-"3) ( o) __ 0
Claim : * Bf hypersurface orthogonal

n n n

"

Ti , = d- ( e-'B) ( are"3) = 2rB ✓

killing vector field B- unique 9 ÑÉ= -113--0
4 3.at 9

Tfo = { (e-
<B) (- 2rfe2A)) = EKA

-B) 2nA V

Pt ' § c- 63 , 4*5 #A hypersurface orthogonal E- (e-<B) ( - drury) = - re
-213 ✓

killing vector field ⇒ 10*39=5 TT}= d- (e-2B) (→rlrzsiio)) = - rsiio e-
2B
✓

unique FÉ=T ?, -1=2--0
ftp.hhsai.IT/tTeYt-Fs-tEB%EeT3s--z'-(ri-)(-2o(r2siioD- - sinocoso = - Ésino ✓⇒ 319

FÉ◦=o 1-223--0

ds2=9oo(r)d-12+9, er)dr2+r2(do
-

+ sina.dk) TI , = f- (F) ( orch)) = f- ✓

↓ ↓
e-Ben

Ñ= -11=-11--1-33--0
- @

ZACH
T}◦=o

T} , -_i-lrzsi-i.io/(2rlr2siioD--r-VTI--i-lrisinT1(2o(r2sinieH--cotoV



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

R◦ ◦ = e.
"A-B) [oratorA- orB) tora + f-drA ]

Rave
◦
= -22cmTrip + 2TpÉ5-

Roi = RoµiM=0
Rolo '

= -22-6%-1 2T:[◦ Tif
-

Roz = Roµzµ= 0

= e2(A-B) [ 2rA(drA- orB) + zip] ✓ 1203 = Ron>^ = 0

Rn = Rinn = - [2rA(orA- orB) +2KA] +É2rB(
Ro , 02 = -22[☐ Tigo -12T¥[◦Tie = 0

1212 = kind = 0
Rolo } = -22 [◦ Tigo -12T:[◦Tie = 0

1213=0
120112 = -22 [◦Tig , -12T¥ TDF = 0

1222 = 122µF = re→B(2rB - orA) + 1- e-
2B

Ron } = -22 [◦Tif , -12T?-61T£ = 0 1223 = Rzµ3M = 0
120123 = 0

1233 = 123µs^ = Sini [ re-2B(2rB- drag + 1-¥-2B ]
120202=-22-6/-250 -12T¥,Tig, = f- e2(

A-B)
2pA ✓

- FE Einstein equation kits
120203=-22-6-1%0 -12T¥Tip , = 0

e.
HA-B) [oratorA- orB) + OFA + f-drA ] = ° ①

120212=-22-6/-25 ,
+ 2T¥-12ft = 0 / - [2rA(orA- orB) +2KA] trdrb = 0 ②

Roz, } = 0 ( re-2B ( 2rB - orA) + 1- e-2B = 0 ③
120223=-22-61%2 -12T¥-6T¥ = 0

siio [ re-2%rB- drag + 1- e-2B ] = ◦ ④

£0203= -22 -6T£ ◦ + 2T:[◦ TP], = f- e2(
A-B)

2nA ✓

Ros , 2--0 ¥} {Bg : e2A= It f- ( iÉÉE , ☒I ④ , B- :ITfd¥f¥
120313=-22-61%1 + 2T¥ -13% = 0 As '¥-7.9.#×)e2B= 1-
Rok} = - 22-10-1332 -1 21%[0-133], = o tr

121212=-22-4135 , -1 2T¥ , Tigre = É2rB ✓
-

121213=-22-4T£ , -1 2T¥ , -12% = 0 i d5= - ( Itn) d-it ,+¥dr't r' (do't sina.dk)
121223=-22-41%2-1 2T¥, Tie = 0

-

ttk-H-bt-alk.EE/-c---zmRizi3---z2-uTsk+2TFuT3i-i--r-"Bᵈ
di= - (1- ¥ / d-it ,!¥- dr't r'(dé+sin%ᵈÑ )R1323= -22-4/-3%1 -12T¥, 1T£ = 0

122321 = - 22[2%2 -12T :[2T}}, = I - e-
2B
✓



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Claim : for static observer Aa=\>alnx , ✗=Gaza

Pf . Vava = - I ⇒ Ua = 3¥
Aa = }÷Pb 3¥
✗ Pca }b) = 0 ,

Flix

Aa= ¥ Pb }at ¥" 17b¥
= -3¥ Pa }b + }~¥a}°Pb}c
= ÉÉ Dax §
= d- path X2 = Da /nx

Birkhoff 's theorem



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

9µV=/
-
ether]

The Reisner - Nordstrom solution
e.2PM

V2

msn.io
)

electrovacuum : KTARK-ktbks.EE

f-
"
= - e-
"
e-Tfo ,Einstein -Maxwell Equation

= - e-2kt 2rA◦
Rab - É9abR=8xTab

◦ = dr (Fg F'
°)=2r( e-# rhino 2rAo)

Tab = ¢É( Fact-bc-j-%bF.at
'd) ⇒ {

0=2-1 (Fg F
"

) , (HEHE)?⃝ Fab __ 0

⇒ 0=2r( e-"+Mrs arAÑ Constant
☐
[a Fbc] =D

⇒ 2rAo=-,ek+Mnull electromagnetic field

Eab = Fab + i*Fab Flo = _ek+H

Iab Iab = z( Fab Fab -12 Fab* Fab)=0 Claim : for electromagnetic field -1=-12--0

4 Fab £ null electromagnetic field Pt : T=q£( Fab Fab _ f-9% Fbc Fbc) = 0

Fab Fab __z(B2-É) vac . : Rab -_ 0

Fab*Fab = 4É.B electroVac. : R=0 ⇔ Rab = 8aTab

ds2= - e"" d-i-e.PH> dr't r' /do't sink defy
Tnr = # ( FupFvP _ ¥9m Fpo FPD

0 I 2 3

{ t.r.o.it }
f- Po Fpo = 21=0129009 " = 2r¥e2k+P(- e-HMP) = -29¥

Fab = 22[a Ab] # sph . sym . A 2=0 , A-3=0 ftp.F.P-p#e2K+P900---e2PQ&
Fa# gauge transformation Ña=Aat Dax F◦pF◦P=↑Ée2H+P9 " = e"¥,

= Ait art
¥ Mr -1-00 or 11 Pf Tmr = # p¥9µv

ftp.FSTR-Aocrl-H/EAi.Az.A3-4nP5-0Too--qk- ( e" ¥4 + d- e" (-2%+1)
For = -2nA, ( = - Fu) ¥ Fur __ 0 = g÷e2✗÷,
0= FM :p

= FM.at/-%Fer+TfnFMP Tv = in C- éP¥¢ - ÉéP(-2¥, ))
= FMµ+dnFg),pFH

↳ °

= - g±e2Pˢ¢
= rg÷(F9FHµ Ta = g÷¥

Tss = g÷ since



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fid Einstein's equations antisymmetric & cylindrically symmetric & plane symmetric
e.
2K-B' [ 2nd Cara - arp, + or'd + Ford ] = e

" ¥4 ①

plane symmetric + vacuum + static

{ - ["""d- " + ◦"d) +¥ "P = - ¥ ②
Is'=-,ztdF+dz4+(HKZ)CdÑ+dY4

re
-2P(2rp - ord ) -11 - e-ZP = ③

*¥7"¥ti static . BTG_ *}
sink [ re-4 Carp- ord ) -11 - e-% ] = since ④

di = -¥z(- d-12+42-4 + (Hkz)(dx2+dYY
① \ ② ⇒

JFK-8 + = K
-ÉT , 2- = 15%2

,
✗ = KIX

, y = KEY3rd (ord - drp) -12ft + f- art

= 3rd Lord- drp tart - Earp = e2P÷ ds
-

= 2-
-Étdtitdz) + 2- ( dx2+dy2)

⇒ ✗+ P = Const i.e. e
"
= e% ⑤ ds2= - z-Éfdt' -112-4 + 2- ( dx"+dyY

I 2②rÑ+ aid + f- 3rd =# ¥, ⑥

⑤ Fix ③ ( ④)

-2rpÉ ord -11 - pÉ= ¥

⇒ or(rpÉT=i-É
e"=k( It +%) et = ( it + &) -1

The Reisner - Nordstrom solution :

d5= - ( 1-¥ -1¥/ d-it.y-yqdr-trtdoi-sin.iedot)
Fab = - ldttanldrb

Ea= Fab 2- b Ba= -
*Fab Zb = - ÉF 'dEcdab zb

☒ He'T static observer zb = (1-2-7+-45) -± ¥+1b
Ea= ¥4 -2-7-1¥) -± @Da Ba -_ 0


